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ABSTRACT

When a marine vessel is used as a platform for tracking space vehicles, the accuracy
of the tracking is critically limited by errors in the ship's estimated position and ori-
entation. These reference data are usually estimated by combining the output of an
inertial navigation system with additional external position, velocity and/or orien-
tation measurements. To meet stringent accuracy requirements for this estimation,

optimum statistical computation procedures for combining the data are required.

This report develops a discrete-time, linear model for the error propagation in on in-
ertial navigation system. This model makes it possible to derive an optimum recursive
data processing procedure for combining the inertial system output with the external
fixes. A recursive formula for the minimum=-mean-square error in estimated position,
velocity and orientation is also obtained. The various formulas are directly appli-
cable to broad classes of inertial navigation systems and external measurements.
A general discussion is provided on the computational problems associated with both
actual data processing and the performance of system-error analyses.
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OPTIMUM INCORPORATION OF EXTERNAL OBSERVATIONS
WITH A MARINE INERTIAL NAVIGATION SYSTEM

I. INTRODUCTION

The problem that motivated the analysis contained in this report is connected with the use
of marine vessels as platforms for devices used to track missiles, satellites and interplanetary
probes. One of the major difficulties associated with these marine-stationed tracking platforms
is the degradation of the usefulness of the tracking data caused by uncertainties as to the ship's
latitude, longitude and orientation with respect to north and vertical. Techniques that can be
used to determine these reference data for a marine vessel can be subdivided into two basic
classes. In the first class is the use of direct measurements such as star fixes, tracking of
satellites, shore-based electromagnetic navigation aids and underwater sonar beacons. In the
second class, consisting of direct navigational procedures, the technique of prime interest is the
inertial navigation syst.em.T These two methods, external measurements and inertial navigation
systems, have different performance characteristics. An inertial navigation system is capable
of high accuracy for short periods of time, but the errors can build up to an unacceptable level.
External measurements provide information only at the time of measurement, and any single
measurement might not be accurate enough to meet requirements or might not give enough infor-
mation to completely specify the desired aspects of the vessel's position, velocity and orienta-
tion. Because of economic as well as physical limitations, the required accuracies are not al-
ways achievable by merely improving the inertial navigator or the basic measurement systems.

When combined in an efficient manner, however, the two techniques complement each other
and can possibly provide a resulting capability far superior to either single procedure. The in-
ertial navigator allows the use of incomplete external measurements taken at different times,
and statistical smoothing of the random errors in the external measurements can be achieved.
In turn, the external measurements help control the error build-up inherent in the inertial nav-
igation system. Since extensive computation facilities for data processing are usually available
to the marine-stationed tracking platform, one can use optimum data processing techniques for
combining external measurements with the data obtained from an inertial navigation system to
provide a best estimate of a ship's position and orientation. Knowledge of such optimum compu-
tation procedures also provides answers to such related operational questions as: What external
measurements are to be taken, at what time, and in what combinations to provide the most effec-
tive results? When can inexpensive external measuring devices be combined with an inexpensive

inertial navigation system to provide performance characteristics competitive with far more

tThe inertial navigation system could be considered as using external measurements in that it relies on gravita-
tional forces. However, the dichotomy is useful for the sake of exposition.




expensive inertial navigation systems? If underwater sonar beacons are being employed, how
should they be placed and in what pattern about them should the marine vessel sail?

This report develops a theory and derives explicit formulas that provide answers to the above
questions. The results are general in nature and thus are applicable to problems beyond those
that were of interest initially. A discrete-time model for the error propagation of a marine in-
ertial navigation system is developed and, on the basis of this model, an optimum method for
combining the external measurements with the inertial navigation system is derived. The opti-
mum technique provides a reasonable and workable method of data processing, but even if re-
strictions prevent its explicit use, the theory provides a valuable standard of comparison, as
well as a good starting point for modifications. The derivation of the data processing procedure
also includes derivation of formulas that determine how the various errors in the inertial naviga-
tion system and external measurements are propagated through the optimum data processing tech-
nique. These formulas thus provide a very powerful tool for comparing and evaluating the effec-
tiveness of different external measurement and inertial navigation system configurations.

Explicit formulas are provided, but, because of the inherent complexity of the error behav-
ior of inertial navigation systems, closed-form solutions are usually not possible. The formulas,
however, are directly solvable on a digital computer (some analog equipment could also be used
if desired) by the use of straightforward techniques. For example, the formula governing the er-
ror propagation in time is a nonlinear recursive equation whose solution can be calculated di-
rectly in time from known initial conditions. Since the necessary computer programs have not
been written, no explicit numerical results are included in this report.

The material in this report assumes familiarity with inertial navigation systems; therefore,
the treatment of the systems themselves, although mathematically complete, is very abbreviated.
The development of the theory for the optimum techniques is more expository, but assumes a

basic knowledge of random variables and stochastic processes.

II. GENERAL DISCUSSION

Because of the technical nature of the theory and formulas to be developed, it is appropriate
to preface the actual derivations with a general discussion of the basic assumptions and methods
of analysis to be used. The remainder of the report {Secs. III, IV and V) will be of interest pri-
marily to those readers who wish to employ the general theory or use the explicit formulas to
solve particular problems.

The moddel of the inertial navigation system to be considered includes:

(a) The possible incorporation of a velocity log for measuring the vessel's
velocity and the effect of errors in these measurements.

(b) The effect of errors due to: gyro drift and accelerometer bias.

(c) Incorporation of an extremely broad class of external measurements.

(d) The propagation of all seven components of error, two location coordinates
and their associated velocities and three attitude angles. (The term "posi-
tion estimation," as used throughout the remainder of this report, actually
refers to all seven quantities, not just the location of the ship on the sur-
face of the earth.)

Section III develops a discrete-time model of the error propagation in the inertial navigator.
In deriving the error model, it is assumed that the other accelerations acting on the platform are
small compared with the acceleration of the earth's gravitational field and that the velocity of the
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ship with respect to the earth's surface is small compared with the velocity of the earth's sur- r
face with respect to some inertial reference. We assume that the velocity-log errors and
accelerometer-bias errors (additive errors in the accelerometer output) can be represented by

continuous, stationary, zero mean, Markov random processes. Further, it is assumed that the
values of the associated correlation functions for time shifts larger than the time between fix ob-
servations will be very small compared with the values for zero time shift. Stationary first-order
Markov processes are assumed for the gyro drifts, but here it is not assumed that the correla-
tion times are small with respect to the time between fix observations. The linearized model

for the error propagation is of the form

x(t+T) = &t + T)x(t) + w(t) , (1)

in which T is the time between external measurements. The column vector x(t) is a
ten-dimensional vector, the first seven entries of which are the seven error variables while

the last three are variables that are the discrete-time equivalent of the gyro-drift inputs (equiv-
alent in the sense that they produce the same response at all sample times as the original con-
tinuous gyro-drift inputs). The column vector w(t) is also a ten-dimensional vector, the first

seven entries of which are inputs that directly represent the effects of accelerometer bias and

velocity-log errors. The last three entries of w(t) are inputs that, when passed through a first-
order systém, result in the equivalent gyro-drift inputs (the last three entries of x}). The 10 X 10
matrix & thus includes both the transition matrix of the error-propagation system and the tran-

t

sition matrix of the 1°*-order system used to generate the three equivalent gyro-drift inputs.

The input w(t) is white in the sense thatT
E‘{WWT }—0 k-inteer'k%o
VLt ¥4k = = ger; :

where the superscript T denotes transposition. The matrix ¢ is a constant for picket ship op-
eration (operation confined to a distance of several miles from a fixed point) and varies with lo-
cation for normal marine operation.

Section IV treats the estimation problem. For the external measurements, we assume a
rather general form

I = Fla] —wt)

in which the vector r is the observation taken, g(t) is the seven-vector giving the true quantities
associated with the inertial navigator operation, and v(t) is the measurement error. This error

is assumed to have zero mean and to be white in the sense that
E{v,v.n, .} =0 k= integer; k #0
MALIS'S S = ger;

The output of the inertial navigator is z(t) = q(t) + x(t). The variables used by our over-all sys-

tem to estimate X, are

z(7) = E[y(n)] —x(7)

= H(7T)x(7) + ¥(7) T=t-XkT, k=0,1,2,... , (2)

1 The symbol x(t) denotes a sample function of a random process (a function of time that is the result of a single
realization, or experiment) while the symbol x, denotes a random variable (an observation made at a single fixed
time that is a function of the realization, or experiment observed). Thus, a time average is defined only for x(t)
and a statistical average only for X



in which we have expanded E(y(7)] in a Taylor's series about Z(") = g(f); that is,

aFi[S(T)]
H..(1) =

ij asj(‘r) 3(r) = al7)

Thus, the external measurements are also linearized.

The use of a linearized model such as that represented by Eqgs. (1) and (2) is justified in most
problems of interest, since we are primarily concerned with highly accurate systems having small
errors. Of course, in any particular application, one must always determine whether or not the
linearized model is a valid representation of the important aspects of the physical situation.

The estimation scheme developed in Sec.IV is linear; that is, the optimum estimate is ex-
pressed as

&n =) cuat-x

in which thé sum extends over all measurements. The reasons for using a linear estimation
scheme are twofold:

(a) The solution to the linear estimation problem is tractable.

(b) It is unrealistic to assume that we would have good estimates of more than
second-order statistics; using only second-order statistics, the linear es-
timate is optimum.t Moreover, it seems reasonable to assume that the
sources generating navigator errors would be Gaussian. Since the error-
propagation systemis linear to a good approximation, the processes that
we are trying to estimate may be assumed Gaussian to a good approxima-
tion. Under these conditions, the optimum mean-square estimator is a
linear estimator.

The solution to the estimation problem is similar to Kalman's recursive formulation.2 The re-

sults are:

(a) A recursive formula that provides the optimum data processing procedure.
(b) A recursive relation for determining the covariance matrix of the error
in estimating the position of the marine vessel.

The recursive formulations given in Sec.IV are nonlinear and, for almost all situations of
interest, require machine solution. Sec.V discusses the computational steps necessary to carry
out a machine solution.

One final point: the formulas to follow are complex because of the generality of the assumed
model. In any explicit application, extensive simplifications may be possible. Similarly, the
analysis itself can be extended in various directions by using the same basic techniques employed
in this report. To cite just one example, the theory is directly extendible to external-fix meas-

urement errors that are correlated in time and that have a nonzero bias component.

. MODEL OF THE NAVIGATOR ERROR PROPAGATION

In this section we proceed directly to the problem of deriving a model for the error propaga-
tion in a marine inertial navigation system. The reader unfamiliar with inertial navigation sys-

tems may wish to consult the literature, since certain of our analyses are succinct rather than

T We consider the optimum or best estimate of position to be the one that simultaneously minimizes the variance
of each component of position. It is shown in Sec. IV that this estimate also yields an ellipsoid of concentration!
that falls inside the ellipsoid of concentration of any other estimate.
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expository. There is at least one textbook which covers the general subject,3 although the author
found an unpublished set of not:es4 to be somewhat more informative. The idea behind an inertial

navigation system is quite basic. A gyro-stabilized platform is used to orient two accelerometers.

These sense components of acceleration in the east and north directions, and these accelerations
are integrated twice by a computer to obtain position. The computer also computes the torques
necessary to keep the platform orientation north and east as the earth rotates and the ship moves.

Many marine inertial navigation systems also include velocity-log feedback in which estimates
of the vessel's velocity, obtained from an electromagnetic velocity meter, are fed into the system
to provide damping of certain errors. Although such velocity information could be considered ex-
ternal measurements, the analyses to follow include velocity-log feedback as an intrinsic part of
the inertial navigation system. It will be seen, however, that this approach greatly complicates
the equations. The possibilities of treating the velocity-log data as external measurements are
briefly discussed in Sec.V.

A. Definitions of Symbols and Coordinate Systems

Throughout this report, vector quantities are indicated by underlining. The conventional
latitude-longitude system is used; that is,

A = degrees north (+) latitude
and
A = degrees east (+) longitude

are the variables describing the ship's position. The operation of the navigation system will be
based on a set of coordinates whose origin is at the center of the earth and whose z-axis passes
through the center of the ship. These coordinates will be oriented with the x-axis pointed north
and the y-axis pointed west. In the remainder of this report, this coordinate system will be re-
ferred to simply as the system coordinates. We will also need to distinguish between three such
sets of system coordinates:

(1) x,y,z: The set of system coordinates based on the true‘ position of the ship. -

(2) x., Y¢r Zc: The set of system coordinates whose orientation is based on the
position of the ship calculated by the navigation system computer.

(3) xp,yp,zp: The set of system coordinates aligned with the orientation of the
stabfe p{)atform, ie., xp parallel to x accelerometer.

The difference between the last two sets of coordinates is due to the curvature of the earth and

the existence of error in the navigator-calculated position.

Note that these three coordinate gsystems are all related to one another by rotational transfor-
mations. A rotational transformation is specified by three angles. If all these angles are small
and sines are approximated by the angle and cosines by one, then the rotational transformation
can be (approximately) specified by a linear transformation in which these angles appear as coeffi-
cients. We assume that our error angles are small. Thus, the disparity among the three coor-
dinate systems can be described by the vectors:

¢ = vector error angle between the true axes and platform axes,

806 = vector error angle between the true axes and computer axes,
¥ = vector error angle between computer axes and platform axes,
g=3+48.

S
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Each of these vector quantities has three components; e.g., y has the components ¥ < wy’ ¢z,
representing rotations about the x, y, and z axes, respectively.
We also introduce the following quantities:

A = acceleration sensed by the accelerometer.

R = position vector of the vehicle as measured in a coordinate system aligned
with x, y and z whose origin is at the center of the earth, i.e., the system
coordinates. Note that x=y =0, z= R, R = earth's radius = |R].

R = velocity vector of vehicle in the system coordinates. Note that 3 = 0.
gm(g) = mass attraction of the earth at position R.
w = angular velocity of system coordinates relative to an inertial set of coor-

dinates, that is, a set of coordinates stationary with respect to the fixed
stars.

€ = angular velocity of earth.
Q = frequency of earth's angular rotation about the North Pole = Igl .

4A) = error in latitude = A; — Aactyals in which A is the computed latitude. Note
that Ax = RAA, Ay =-R cosA AA,

A = derivative of AX with respect to time.

6V_ = error in x-component of ship's velocity log [an electromagnetic (actually
x . - : . :
magnetohydrodynamic) device for measuring the ship's velocity].

K = feedback from velocity log (units of inverse seconds).

6Ax = bias error in the x-component of the accelerometer output; that is, §Ay is
a random process which constitutes the additive error in the x-accelerom-
eter output.

€
X

x-component of gyro drift.

Similar definitions apply to 6Vy, 6A_, e€_and €,

In the next two sections we derive the differential equations governing the error propagation
in the navigator. These equations can be divided into two groups. The first group is the set of
differential equations for AX and AA in which sz, wy and wz appear as driving terms. The second
group of equations describes the propagation of the terms sz, xpy and 'pz'

B. Equations Governing the Propagation of A and AaA

Recalling the method of operation of the inertial navigator, we see that the fundamental equa-
tion describing the system is

(dzg)
A={—] -g (R} . (3)
= \at?/1 °m

in which I indicates that the differentiation is carried out with respect to an inertial set of coor-

dinates. But, using the general expression relating differentiation in two coordinate systems
whose relative motion is only rotation, we obtain

(5),-:
S =R+axr 4)

in which w X R is the cross product of the vectors w and R. Also,

2
d°R dR dR
—) - |4{—= —_
( dtz>l = [dt(dt )xl Sys Coord * ¢ "( dt)I : 4

e e e A e e



Substituting Eq. (4) into Eq. (5), we obtain

2
R\ 4 . .
22 i lat (B e XBgyg coorg o X (B + 0 XR)

=R+20XR+wX(@XR) +®XR . (6)
Substituting Eq. (6) into Eq. (3) and recalling that g = 0, we obtain

A=-g (R +uX(@XR +@XR . (7

Now,
x=y=0, z=R
Further,

wx=(ﬂ+A) COS A, w =5\, w (9+A) sinA

Thus Eq.(7) becomes
A, =Ri+R(@ + M) cosA sinr— g (R)

A =-R cosAA + 2R (2 + A) Xsinx—gy(ﬁ) . (8)

The computation scheme used by the computer is to calculate the terms
R(2 + A)2 cosAsind, g (R), 2ZR(Q+A)Asin, gy(ﬁ)

and subtract them from the output of the accelerometer, thus obtaining RA and R cosAA. These
are integrated twice to calculate position. The velocity-log data is incorporated into a simple
feedback loop to damp certain errors. The block diagram of the navigation system is shown
in Fig.1.

Writing out the equations for the block diagram, we have the equations which govern the er-
ror propagation: ’

R(A +A%) =RA + R [(2 + A)® sinA cosA — (@ + A + AA) sin (A + AA) - cos (A + AM))

—KRAA + K6V, — (qpyAz - szy) - (g, (R)—g (R +AR)] +6A (9)
—~Rcos(A+AA) (A + AA) =—RA cosA + 2R [(2 + A) A sinA — (2 + A + AA) (A + A7)

X sin (A + AA)] + KR cos (A + AA) (A + AA) —KR cos A [A + (GVy)/R]
-, A —¥,A,)+ [gy(x‘x) - gy(ﬁ + AR) + 6Ay] . (10)

We assume that AX << 1 and AA << 1; hence,

sin(A + A)A) m8in A + AX cosA,
cos (A + AA) ® cos A — AA sinA.

Now we assume that the magnitude of the earth's gravitational attraction at sea level ig known
for the region of operation. If this is so, then direction is the only unknown quantity, and

gR) - g(R + AR) = —gAR
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Hence,

—g,(R) + g, R+ AR) = g&x (41)
—gy(R) + g (R + OR) = —ghA . (12)

It should be noted that we have assumed a spherical earth. Although the earth's ellipticity
cannot be ignored in the actual operation of the navigation system, the manner in which it affects
error propagation is secondary and will be ignored. Similarly, for marine operation, we can
make the further assumptions:

a>>i , a>>A

Ax , Ay , KA and RA are negligible with respectto g . (13)
We also note that

|
ol ~ —L% cycles/sec , ]g- zs—'g cycles/sec ;
10 10
hence,
2
Q% << 1% . (14)

We also assume that AA and AA are of the same order of magnitude, and that wx, ¢ and wz are
all of the same magnitude. If we apply this assumption and the approximations (11) through (14)
to Eqs.(9) and (10), we obtain, after dropping second-order terms,

5A
i . : 2,, _K X
AA+2C1wZAA+KAA+wsAA-R-6Vx+—R—+1§~wy , (15)
w . 6A
s 2 . 2, K
AA—Z-CIAA+KAA+wsAA-—RC—16Vy——Rl+KE;ll»x . (16)

in which
wg = Schuler Frequency = ’i ,

wZ=C9 R wi=Ciﬂ ,

2
Ci = cosA |,
CZ = ginA

If we are considering picket ship operation, then C 4 and C, are constant and our error propaga-
tion is determined by a set of linear differential equations with constant coefficients. For usual
marine use we have linear differential equations with coefficients that vary with position.

The quantities wx’ and dry act as drives to Eqs. (15) and (16). We must next write the equations
that determine the propagation of the error angle ¥.

C. Equations Governing the Propagation of ¢

The derivations of this section follow closely those of Kachickas? To start, let us recall
that we have defined the three sets of coordinate axes:

PR WINPT SSERRRE P L




X,y 2 true position coordinate axes

X ,¥., zp: platform coordinate axes

Pp°p

X Yo 26} computer coordinate axes

’

All three coordinate axes have their origins at the true position of the ship, but the three axes

are not perfectly aligned with one another.
Let

x denote an arbitrary vector in the x,y, z system

x_ denote the same vector inthe x_,y_, z_ system
Xp M pVp %p

X, denote the same vector in the XYoo 2 system

Then, to a first-order approximation,

X =®%x and x =6x |,
%o X X, -

in which

[ 1 ¢, Y

® = -¢, 1 Py
- 1

oy Py |

We have previously defined

Py 66
= , 86:= 1606
¢ ¢y 50
9z ] éez
Now, by definition,
W =W+t ¢
wy=wte

-60

66
y

60
z

-66
x

—-60
Yy

69
X

(17)

The platform velocity may also be expressed in terms of the gyro drift ¢ and the angular
velocity w ¢’ which, according to the computer calculations must be applied to the platform to

maintain its north, east, up orientation. In terms of the true coordinates, this angular velocity

is

Hence,

10




He +ee . (18)

1 —-66, 66y
-1 .
e " =|é60 1 —4&6 .
z
.—66 5ex 1 ]
we obtain
o=@ t(g—-00) Xw tetgXe . (19)
Now, again by definition,
w =w+oe . (20)

Substituting Eq.(20) into Eq.(19) and ignoring second-order terms, we obtain

W =W+ 00+ (p-080) X . (21)

By equating this expression to Eq.(17) we obtain

g-80+(g-50)=¢ ,
or

brtoxp=e . (22)

Expanding Eq. (22) and substituting in the expressions for w < wy and w z’ given following

Eq.(7), we obtain

Yt MW, — (R4 8) Coplp =€,
¢y + CZ(Q + A) sz— Cim + A) "’z = ey ,
Yt Co R+ M) Yo =My = €

If we ignore A and A with respect to Q and assume that wx‘ wy and wz are of the same magnitude,
the above equations become

hem by e (23)
aby Yo m e e (24)
dzz twgo =€, (25)

in which

11
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D. Complete Error Propagation Dynamics

The five equations (45), (16}, (23), (24) and (25) completely describe the propagation of errors
in the navigation system. Our first objective will be to obtain the transfer functions and impulse
responses relating A and AA to the various inputs. This can be accomplished by first drawing
the flow graph expressing the five equations:

A

.. . . K "
BA+2C,w, A + KAM+ 0 BA =5 8V, + X+ ,ﬁ. vy [Eq.{15)]

w SA,
s 2 - . . - K _
AA -2 T, AN+ KOA + w OA = RC, 8V, -R-‘l + Eé_i ¥, [Eq.(16)]

b= Wby = €y [Eq.(23)]
byt by~ wyb, T € (Eq. (24)]
byt wpdy =6 [Eq. (25)]

This flow graph is shown in its original form in Fig. 2 and in reduced form in Fig. 3; the details
of the reduction are omitted.

In order to proceed further, we must factor the denominator term D, which appears in the
transfer functions in Fig. 3:

D = (s* + 042 ((s* + KS + w))? — 40387
~ (5% + 242 [(s? + KS + 1.0821 wi) (S% + KS + 0.9244 wz)‘] . (26)

Now, from this we could obtain the necessary transfer functions directly. The resulting expres-
sions, however, would be extremely unwieldy. For this reason we consider approximating D by

D~ (s + 252 (s® + KS + wz)z . (27)

In order to estimate the error involved, consider the time-response terms that would result from
each expression. From Eq.(26) we would obtain terms of the form

cos(Qt+6,) , exp{-itwct]cos (NT 082 —¢2 wt+0,)
and
exp[—tw t] cos(NO.924T - tZ w t + 0,
in which
S

From Eq.(27) we would obtain terms of the form

cos (Qt + 9'1) , eXp[—Cwst] cos(N1—¢t2 wgt + 6))

and

exp[—tw t] wt cos(N1—¢2 wgt+ 0}

13




Now, cosA — cosB = 2 cos1/2 (A — B); hence, the terms from Eq.(26) could be alternatively
expressed approximately as

cos (Qt + 01) , exp [,—Cwst] cos (N1 —¢2 wst + 6'2')

and

exp[—tw t] cos N1-E2 w_t+ 0% - sin[(V1.082 — £2 —N0.9241 — £2) wt]

Now, sint =t for small t; thus, the terms from Egs.(27) and (26) will be nearly the same for
t < 84 minutes. This is true regardless of the value of the damping ratio ¢. Now, if ¢ > 1/2,
then by the time that t no longer approximates sinwpeat t, the quantity exp[—fwgt] is so small
that these terms can be neglected anyway. Thus, for

t <1/2 and all times t
or
t <84 minutes and all ¢ ,

we have
D ~(s? + 9292 (5% + 2tw S + uz)"' . (28)

Under this assumption [Eq.(28)] the transfer functions of interest are (Fig. 3),

1 1
H =9 —2 -
ANA_ R (5701240l
s d
Zgws
H (S) = ,
ANV RIS + tw )% + w’]
8 d
—w S2 + wz
Hare = 2 zz'u+ 3 1:»: t24
x S°+Q c,ss? + %)
2 2 2. 2
i —wowy B Zwst(S +w1)
(s?+ a%) (% + 2tw S+ wd) (s + 0% (5% + 2tw S + D)’
s wp
Ho, (=5t +— 22 ¢
axe, Z. a2 ci(sz s ad 2
2 2 2
) wiws B Z“’i“’z“’s
(s® + 2% (s® + 2tw S+ wz) (s + 0% (s? + 2tw S + wz)z
w W, w
1 192
Hy. (S =g, + — 22 _
ke, 2 g2 sci(sz . af) 2
2 2 2
) wiws B Zwiwzws

(s? + 0% (s® + 2w S+ wz) (s% + %) (s + 2tw S + wﬁ)z
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P

B

i e

- e e

1 -1
H N H -=tu
AAGAy C: ANOA ANV CI axev,
S\ i P B T
Bhey ¢ sis?+ 0t st ol
o2 2
i} ' ﬂwzws . ZstwZS
s(s? + 0% (s + 2tw S+ wl) (584 a?) (she 2tw S + wg)z
g .2, 9t
She, g2 4 ? ci‘(sZ + 2%
2 2 2
_ “’Z“’s N Zwswzs
c, (8% + a8 (8% + 2tw S + w?) (s® + %) (S% + 2tw S+ wd)?
S 8 8 8
“’Ztiz (‘S2 + wi)
Hape =22 7z 22
€2 s+ c,S(s” + 2%
2,2, 2 2 2
) wB(S + wi) _ Zwssz
c,sis?+ 0% (P + 2tw S+ wd) (P4 2d) (5P 4 2te S+ wh)?
8 S 8 8
2w

2 S

H (S) = —— =C
A)“sy R ‘(ST + ZCwsS + w:)z

1HAA6Ax( 5 .

2w, K
H 2

S
(8) =
ANSV

y R

2 2,2
(S™ + chsS + ws)

= C,H

8 .,
17aA8V

in which
) 2 2, 2
2tw_=K , wg=U=-1") wg

We will also need to know the relationships among the variables wx’ Y. and 'pz and the inputs

€ Ey and €, Transforming Eqs. (23), (24) and (25) and solving, we obtain:

2 2

S+ W,y w, ( w,w, ( ) 291
b= —5—5 (e +¥ )+ 5 (e +¥ )+ —5—= (€ +¥ . 9
x S(SZ + 92) x  "xo SZ +2 ¥ Yo S(Sz + nz) z 20

T : S wq
e el kTt Z, 2 T, g et el (30)
by = P (et y )= i (e, 4 ¥ e (e, +¥,) (31)

= €+ - 5 (e_+ + —5——> (€_+ ,
Z g(s®+ 92) x X0 SZ +02 Y Tyo S(SZ + nZ) z Zo
in which wxo' wyo and wzo denote the initial values of wx' wy and wz' respectively.
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E. Time-Domain Responses

Since our ultimate goal is to find a sampled-data model to represent the manner in which
the error propagates between discrete observation times, we will need the impulse responses
associated with the transfer functions obtained in Sec. III-D.

Let

1
s(s? + 0% (8% + 2tw S + wd)

F, () =

and

i

F(S) = :
2 (% + 0% (s + 2tw S+ wi)z

We can obtain the desired impulse responses by means of the six transform pairs listed
below:

Fi(S) - % + + % sin Qt — —bi cos it
Q Q

€
N

Cw_-—td

+exp[—twst].< sinwdt——gz-coswdt) t¥o |,
w

o _w
d
s s

SF,(S) = a cos 2t + g sin Qt

d— ctw

+ exp[—gwst] (c coswdt+ sinwdt) tzo0 |,

“q
S?F,(S) ~ —a@ sin Qt + b cos 0t
+ 1 2 2
exp[—{wst] (d - chws) coswdt - [cws(i -2¢)
d
+ cch] sinwdt} tz2o0 ,
in which

e[t + 204 - £%) (9%/wd)

a= 3 ’
ws

14+ (1 - 2¢%) (@%/wd)

b = 2 s
ws

cC=-—a ’

at? — 41— (1- 1062 + 82 (2%/wd
d = z 8 »

ws

16




and
B exp[—zw_st]
F(S) =~ AcosQit+ = sint+ ———— (Dsinw t+ 2 coswt
2 Q Z(‘)3 d d
d
+®tsinwdt+©tcoswdt) t>0 |,
exp[—twst]
SFZ(S) — —AQsinQt+Bcos U+ ———— «S)sinwdt +® cosw 4t
de
+®tsinwdt+®tcoswd‘t) t>0
2 2 exp[—:wst]
S"F,(S) «» —AQ" cos @t — B sinQt + —————— ((—tw, ®+Q@- w4 ®) sinw jt
de
+ (—twg ®+®+ wy ®) cosw t + (—§ws®—wd®) t sinw gt
+(—-§ws®+wd®)tcoswdt] t>0
in which

2
o - iz [— 3+ 268 -8t v £ (o 5+ 6008 — 1208t + 64;6)] ,
w

w
s s

3
8wt 2
Q- —% [1+(3—ch) —“Z] .

5
wS wS
2
28w 2
®- —° [1+ 2, (2—4g2)] .
wS ws ¢
w 2
@- 35 [1~252+“—z (1—8z2+sg4)] .
c‘,S wS

2
®=-L [—3+2g2+£z(—15+4og2-24g4)] ,
w
S

3
w
d 2
®=—5—4—[1+9—2<2—12c2>] ,
w w
] S
2
(A2 2
®=—"z[—1+%(—1+4:2)] :
w w
-] s
tw 2
®= 12 [n%(sqcz)]
8 ws
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Using these transforms we obtain the required impulse responses. Where possible,
terms of the order of Q /w s have been ignored with reqpect to one. For certain values of the
damping ratio £, some of the remaining terms in @ /w may also be ignored. The reader should
remember that, because of the approximations made in Sec III-D, these expressions, which fol-

low, are good for t < 84 minutes and all damping ratios, or all time and damping ratios greater
than 1/2:

2tw, . . wol [, 2
hAAe (t) = 5 cos Qt-—C2 sin Qt + exp[-gwst] - smwdt 3 ¢T3 -2¢7)
X s w
d
2 2w, ¢
Eo—1+ 768 —10et v 4tb s 231262 + s;")]l - cosw t
s
s
w,el 2w, [, gt 2
+ > tcoswdt+ww wz——2(2—4§) tsmwdt t>0
wy s d wg

—fw,
¢ (t) ~ﬁ sinQt + cos Q + exp[—tw t]( s sinwdt—cosw t

“s “q d
wz wzzgws
+ tsmwdt— 3 tcoswdt t>0
w
d
Tetey “’1“’s2 2, 5.2
hyre () = cosQt + C, sin 0t + exp[—tw t] 3 (1 -9 @° -1
z s s w
d
o? 2 4. ,.6 2 2 .4 t
+——2[(—1+7§ - 10¢ +4§)—C2(—3+12§ - 8t7)) sinwd
s
2tw, 20w, wlw, )
+ cosw t — ———— t sinw ;t — [(1—-287)
. d W LW d
s d”s w
d
92 2 4
+;—2-(1-sg +8L7)] t cosw gyt tz0
s
2> g2\ Cf 2tcia —tw
hAAex(t)zC 1+Z§ _Z f—i—cosﬂt+ Ci . sm9t+exp[-—§wst] Ci " smwdt

2

e e

e bt o H T

1 Y2 5“’5“’22
—C—coswdt+ > .C tsinwdt—z——tcoswdt t
d~1

1 wyCy
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g SR

. 2
ha oo (t) & 29 osat+ <2 singt + ex (—to_t] =228 123 22
AAe C,w C Pl 8 3
2 2tw
v 2 stf -2ty 4:6)' sinwgt + 2 coswyt
W 178
-8
202935 wzw:
—mtsinwdt————?tcoswdt t20 ,
s d'1 Ciwd

2w,¢ 2
2_ 2,2 2° 2, @

hAAez(t) N C,(1 + 2% - 0% ) — %, sin@t - C, [1-(1+ 2¢ )?—] cos Qt
s

-(5- 4% c 00 c,2%(1 + 4t%)
+ exp[—.-cwst] 3 sinwdt— —_— coswdt
w w
d 8
c,a? c 0%
- o tsmwdt+-—w—2—-tcoswdt t>0 ,
d

—__1 s
hAAéAx(t) = Rws exp[—tw t] sinwgt t>0

Z »
Parsy (1) = % exp[-tw t] sinwgt t3>0

w
__.2 . 2, .
hAMSAy(t)_ 3 (—twS smwdt+wdtsmwdt+{wswdtcoswdt) t>0

“q
szlws 2
hAMV (t) = ———== (—L’ms sinwdt +owyt sinwdt + L‘wsgdt cosw t) t 20
y Rwd
h ()= —ah h ()= = & hp,sy ®
AAGAy C1 AAGAx AAGVy C1 AAGVx

1 1
h {th= & h t , h t) = h t
AASA C, AAGAy BASV C, AMVy

We will also need the response of the system to initial conditions. We use the notation

to denote the response of apx(t) to an initial position of al»x of one unit. From Eqgs. (29), (30) and
{31) of Sec.IIl-D, we have

¥ (t)
X | _~2 2
7 -hwxex(t)-C1+Cz cosfit t=>0 ,

X
o
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.td&... EECE e

¥, (t) .
) =h‘p€(t)=Czstt t>0
Yo Xy
Pt
d’z = h""xez(t) = Cicz(i —cosfQt) t=>0
o
P (t)
= h¢ ¢ (t) = —C2 sinfit t>»0 |,
X y X
P (t)
= h‘p c (t) =cos@t t>0 |,
Yo yvy
P, (t)
7}‘!— =h, () =Cysin@t t>0 ,
z, yz
A0 i
wx’ = hwzex(t) = CiCZ(i —cosft) t2>0
(o}
¥, (0
5— =hy o (t)=-C,sin@t t>0 ,
Yo zy
y_(t)
z _~2 2
wz =hxpz€z(t)-CZ+C1 cosQt t30
o
From the fact that
Ipi s .
zp_j—: hwieJ(t) IDJ =X,¥5,2 ’
o

and the fact that xpx, ¢y and ¢i appear only as drives in the two differential equations for A\ and
AA [Eqs.(15) and (16)], it follows that

A .
T ng O iTxyzo
i i
and
AA(t) .
= h (t) 1=X,y,2
%io AAei

Our time-domain description of the system now lacks only the sixteen quantities relating A\,
AA, AA and AA to AAO, A'Ao, A)\o and A)‘o' If we transform Eqs.(15) and (16), including the
terms Axo, etc., and solve, then by using the approximation for D used in Sec.IlI-D we obtain

fw
AA(t AA(t 8 _.
_ﬂ:} = —A_Al;) = exp[—twst] (coswdt+ -“Td— smwdt) t»>0
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OO ——

AMY . A . L exp[—gw t) sinwgt t30

w
Aho AAO d
wlc,c,a
AAMY) _ 2 AA(Y) _ Ys©ti“2 _ . _
ﬁl = ~-C, an = exp[—tw t] (sinwt —w t coswyt) t>0
e d
-Cc,C,9
A_}‘(t) = _cf Af\(t) = 122 exp[—tw t] [~tw  sinw t + t(wdzsinwdt
AA A)\o wy 8 8
o

+ gwswd coswdt)] t>0

Also,

A'A(t)) AA),

( = % (—= , etc.

F. Approximate Time-Domain Response for t ¢ 84 Minutes

The time responses given in the preceding section (III-E) are cumbersome, to say the least.
If we consider times up to 84 minutes and are willing to make suitable approximations, thesetime
responses can be considerably simplified. There are two situations in which this short time ap-
proximation is applicable:

(1) When the length of time of the whole operation does not exceed 84 minutes.

(2) When by means of external measurements each of our seven variables
MM ALA, ¥x, ¥y and Yz is determined independently to an accuracy compa-
rable to that wllllich the navigator can maintain for 84 minutes; a set of such
measurements is then used at least every 84 minutes to reset the navigator.

Below are listed the approximate time responses; those not listed can be assumed to be negligi-
ble with respect to the given terms. These approximations have ignored terms of n/ws( n/ws ~
1/47) or smaller with respect to one.

fw
AA(t
Rane, 0 = SMY - 4 — expl—twt] (cosw gt + “’ds

Yo

sinwdt) t»0

. 2t _ :
hAMVx(t) =R exp [ gwst] smwdt £>0

’

1 .
hAxan(t) = R, exp[—¢w t] sinwyt t>0

AA(Y) _ 1

hope (B = =~ hy, () t20

AAe, ixo T, Brey
h 0 = - Fg ex [-tw _t] sinw,t t>0
ARV, C,R &P s 4 >0

——.1 »

hAAGAy(t) = _Rci“’s exp[—twt] sinw it t>0

N L

Iﬁxex( )= b 2 )
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=2
<
=
]

A1)

AA(t)

_'LL=1 t>0
yO
(1)
;z =1 t20
(o]

tw
exp[—twst] (cos wdt + B—s si’nwdt)
d

= L exp(~tw ] sinwgt t>0

wg

_AMY  AAY) _ AMY)

(] AAO Axo

o AAO AA

G. Equivalent Discrete-Time System

t>0

aAw) & B3 AMY | SAW) | 4 ANH),
a3 Tt by

AAO

Using the results of Sec.III-E or III-F (whichever set of responses is applicable), we can

now write the set of matrix equations which describes the error propagation between sample (ob-

servation) times.

Let x(t) denote the seven-tuple column vector:

AA(t) = X,
AX(Y) = X,
AA(Y) = x,
AA(Y) = x,
P 1) = xg
‘py(t) = x6
¥, = xg
Then,
7 s
Xt+T) = dpox(t) + ), X(t+T)
i=1
in which
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A‘Aﬁ-«azm R e T e T

AMT) AMT)  AMT)  AMT) T ' h T h ) ]
’)‘o A AAO A.Ao A)tex Aley AAGz .
_Q_A)_\.(ﬂ etc.
dt A3 | =1
AA(T) AMT)  BAMT) AMT) Ty h T h )
o ‘Sxo AAO A.Ao AAex AAey AAez
o, = ,
77 i% etc'
dt x|y
0 0 0 0 hwxex(T) h'px Ey('r) h 'Px‘z(T’)
0 0 0 0 h, (T) h, (T) h, (T)
Yyex Yyey Yy€z
0 0 0 0 h, () h, (T) h, (T)
i Y2€x wz‘y ¥2€2 ]

and the term which appears in the kth row of zj(t +T) is

T
h (Ny(t+T-=1)dr ,
S‘O xkyJ ]

Lk=1,2,...,7

%

y1=6Vx' yZzan‘ Y3 = Gvy’ y4=6Ay' Yg = € Y6 © ey’ Y75 ¢,

It should be noted that the second and fourth rows of %, are the derivatives of the first and third
rows, respectively, the derivatives being evaluated at t = T as indicated. Similarly, we note that

d .
h, (t)=5h t k=1,3 j=14,2,...,7
xkyj dt xkyj
Any impulses appearing in these derivatives must be retained in the impulse responses h Ary (t)
. i
and hAAy-(t)'

Our ultimate goal is to be able to study the error propagation when we couple our inertial
navigator to external measurements in some optimum fashion. This problem seems to admit of
treatment most readily when viewed in terms of Kalman's formulation of the optimum filter prob-
lem. In order to make our model amenable to treatment via Kalman's method, we must be able
to express the inputs xi(t + T) as the responses of linear (discrete) systems to white noise. Since
our estimation procedure will be based strictly on first-order statistics, we must ensure only that
the matrices
T

R;;(NT) = E{xti(xtj+NT) N=0,#1,%2,...

f,j=1,2,...,7
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are the same for both our original inputs and the responses to the linear systems. We will agsume

that the inputs € x(t), ey(t), ez(t), GVx(t), GAx(t), GVy(t) and GAy(t) are all mutually statistically

independent. Thus we need consider the matrices Ri' onlyfori=j i=14,2,...,7

Consider first xs, x6, x7. We assume that

e (1= Eleltielt + n} = 02, exp(-vlrl] i=xy,2
1

e AT e

R .
AR B S TR e W e AR S SRR b s A

Lot

p (33)
11
. th :
Thus, the j=k™ entry of R€ € (NT) is
ii
i T ~T
r; (NT)=S S h, (p)h _(¢,) ¢  _(NT + ¢, —¢,) dg,de
ik o Yo xjei 1 X € 2 €€ i 2 1772
2
o N=0
Ei xjei xkei
={e?H-_ H exp[-v.INT|] N>o0 (34)
€ x.€ x e °XP i’
i 531 ki
2 .+ -
¢“H, H exp[-v,|NT|] N<O ,
| Ei iji xkei 1
in which
T AT | |
H _H =§ S‘ h (e h _(¢,) exp[-vii¢, — ¢,|]1de,de, , (35)
xjei %€ o Yo xjei 1 X, €4 2 i'71 2 1772
N T
H =S‘ h, _(¢,) exp[+v.¢,] de¢ , (36)
xjei o xjei 1 iv1 1
Hx.e.=S hy e (94) expl—vie ldoy (37)
y i o ji
i=xy,2 jk=14,2,...,7 ,
Xy =B, xp =84, X3 = BA, Xy = BA, X5 =Py, X =Wy Y = ¥,
Now, consider the representation
¢
)y =[w, (t)+B.d.(t—-T , 38
X, ®=1 J‘i() i i )] (38)
in which
di(t) = aidi(t-— T) + wi(t) ,
or
L]
S _ RS « - U
dt) =} wilt—mT) ()™ i=xy,2 (39)
m=0

The w's are all white random processes with zero mean, and the wi's are taken to have unit var-
iance. The variance of the w je

's and the correlation between all the w's are left free for thetime
being. i
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Substituting Eq. (39) into Eq. (38) and noting that

wi(t)wj(t + NT) = wiwj‘é(NT) ,

we obtain
i 6l i
xj (1:)xk (t + NT) = rjk(NT) )
e i
W, W + ——5 B..B > N=0
<J€i kei 1_aiz ki
B..B, .
_ 4 iki) _|N|
= ] <Bkiai Yie Wit ‘f:‘[) a N >0
i
B..B .
B P i~ki\ ,|N]|
<Bjiai wkeiwi + —Jﬁ - > a N<O
i
Our discrete white-noise-generated inputs will then match our original inputs if
_ViT
a =e ,
a'€Z H. er =W oWy +-—1—2-13..Bki ,
il & I e Y
B..B, .
P o P— i~ki
o H. H =B,.a. W, w.+—-]—z- ,
€ i kei ki™i jegmi 1_ai
B..B, .
204 - _ -1 iki
¢ B, Mre, = Bji%i  Wke Vit TJ__az

The solutions to Eqs.(43), (44) and (45) are

+

B..=0_H. )
ji €0
H
2 (- I€
WwW.wW. =0 s - ’
3¢ "6\ V8 q1-a?
+ ot
—r—-o2(la & Tie; ke
W, W =0 . - ,
g kci € i€ kei 1__aiz

iley;z jlk=1'zl“'l7 ’

(40)

(44)

(42)

(43)

(44)

(45)

(46)

(47)

(48)

as can easily be verified by substitution. We can thus obtain equivalent discrete inputs for the

signals ex(t), ey(t) and ez(t).

We now consider the inputs 6Vx(t), 6Ax(t), 6Vy(t) and GAy(t). Our analysis here will be

much easier, as we can assume that
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1T . 1
+ +
x, (t) H x, it =T}
1 Cx ¥y ly ‘i‘y €, %y 1
+ + +
x,(t) o, H o, H o, H %,{t = T)
2 €y Xy y ‘z‘y €, X6, 2
xyit) 4
+ + +
* o H o, H o H
€ Xq€y €y Xpty €y Xy
° -» T
e ¥ 0 o
' - T
° 4 eV [ ,
-»,T
xgott) ] L ° ° e ] Xt - T} ]

7
Wit z ik Vit
k=t

i} =1.2,...,7

7
W L Vi
k=t

i=8,9,10
j=1,2,...,7
et 8y
i,j=8,910

in
which

2
T iam * “m | HjmHiem|

k=4,2,...,7

m=1,2234

Hbut
i o | Myntin! - 22 |
{1-e

ok x1,2,.0.7
m=8$67

jE4,2,...7
i=x,y,2

w,lt- T)

vz(t -T)

ww(t-T)

in
which

7
wit-Tr= § wya-T)
i

i=1,2,...,7

wylt=T) = wylt - T)
vl,(! -T)= 'y(( -T)
vm(t -T)= W‘“ -T)
Xy % O\, x, = A\, Xy % A, x84

R NE L M
¥y = on, Yy = OA‘, ¥y = jvy, I 7% 'Ay

V5Tl Y=y V176

T v o
+ m
- Su Py @e "

T -y _0
R L R

T T
By =S‘° So LN

-v_lo,-0,|
xe ™ 12 dodo,

Fig. 4. Summary of discrete-time error propagation. The components of 4, and the terms
Hi+k' HiT" IHimHkml depend on position.
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Ah&-dmd-i-.g» - - e e e - - —

ol expl-y|rl] i=1,2,3,4

©
3
"

¥y = GVx, ¥y 7 GAx, y3 = GVy, Y4 = GAy ,

where v is large enough so that

S‘ h (‘r)y(t—-r)d'r
is uncorrelated with

S\T

h (1) y.(t + NT — 1) d7
o M¥j I

for

N#£0 ., §=1,2,3,4 k=1,2,...,7
Thus, these four inputs can be replaced by the discrete white inputs

w k=1,2,...,7,j=1,2,3,¢4 ,

kj

V" om kS‘ S h J(wi)h (¢,) exp[-v, o, - ¢,|1do,de,

where
m=j n=k
=0 otherwise
where
k=1,2,...,7
j=1,2,3,4

Recall that we have assumed that 6Vx, ovV_, GAx and GAy were statistically independent. In prac-
tice 6Vx and 6Vy will not be uncorrelated. This can easily be corrected by setting

Wisy Wi =§ S h AR {¢9,) R {0y — ¢,) do,do
kbvx Jdvy o Yo xkiivx 1 xjévy 2 6vx6vy 1 2 1772
jk=1,2,...,7

We now have all the information needed for our discrete-time model. This information is
summarized in Fig.4. For operating times less than 84 minutes the impulse responses of
Sec.IlI-F may be used; otherwise, those of Sec.III-E must be used. For picket ship operation

the components of 4’77 and the terms Hj+m‘ H._ and |H, | are constant. For normal ma-

rine operation the coefficients of the differenggl equatlg)x:s ::\:ernmg error propagation (15, 16,
23, 24 and 25) vary so little during a four-hour period that they can often be considered constant.
Hence, for T <4 hours, &, and the quantities HJm HJ'm and IH Hkml can often be determined
at each sample time by using the given expressions with the appropriate values of C and C in-

serted into the impulse responses.
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IV. ESTIMATION OF NAVIGATOR ERROR ‘
A. Estimation Equations When Navigator Is Not Reset Following Each Observation

In developing our solution to the estimation problem we will make repeated use of two prop-
erties:
(1) Let x, and x, be two random variables, and let %, and &, be the best lin-
ear estimates of x, and x,, respectively, using the same observed data

for each estimate. Then, the best linear estimate of ax 1t bxz, again
uging the same data, is

P o
ax, + bx, = aﬁi + bﬁz

(2) Consider any fixed class F of functionals on some given data with the
property that any linear combination of functionals in F is again in F.
Let % be the functional in this class that is the best estimator of x.
Then, (x — %) is uncorrelated with any functional of the given class,
that is,

E{(x—% f} =0 feF, ReF

In the above statements "best" is used in the minimum-mean-square error sense. Property (2)
follows directly if we regard mean-square estimation as finding a projection in an inner product
space. However, for completeness, simple proofs of both properties are given in the appendix.

For convenience we take T, the time between observations, to be one unit. Then the model

for our process is
z(t) = H(t)x(t) + w(t) , (49)
x(t) = e(t)x(t—1) + w(t—1) (50)

in which v(t) and w(t) are white and have zero mean. Since it suits our present purpose, we also
assume that w and v are uncorrelated. Now our estimator gt is linear and may be written

L
)= ) Akz(t—k) . (51)
k=0
The sum in Eq.(51) actually extends back only over all past values of data; we use « as the up-
per index for convenience. We now define

L -]
!
2¥(t) = z(th — ), Byz(t—K)
k=1
such that E {z*tth_k} =0; k=1,2,... . We can then express 2(t) as
o0
R =C) z*®) + ), Cpzlt—-k . (52)
k=1
Now, because z*(t) is uncorrelated with all the z(t—k), k= 4,2,... , the minimization equations

separate into two sets of equations, one involving only C and the other involving only the Ck's.
Thus, the Ck's can be determined independently of C and
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a®
E Ckg(t — k) = best linear estimate of Xy

k=t given z(t—k), k=1,2,... ;

= best linear estimate of d’(t)gt_1 + W 4

givenz(t—k), k=1,2,...
= ()R(t—1) + 0
Equation (53) follows directly from property (1). Thus,
£(t) = Cltyz*(t) + #(MK(t— 1)
Now, z*(t) is uncorrelated with ®(t)&(t — 1);
z*(t) = z(t) — BH®(HR(t - 1)

and

0= z* [#(t3, )T

T T T
285, 2T - Bwew & _ &7, e

We assume that #(t) and &, ,£7T, are invertible; thus,

X 4%
Blt) = z8 7T, & &T - 1l
=2 g %1%t

Now, from Eqs.(49) and (50)

T
|

1

HE (80 x,_,87, + w,_,87,]

HY) #() x,_,2T, .

and from property (2) we have

T _oT
Ry - =0 .

or

o T _ aT
Beoa%ig = & 4R

Substituting Eqs. (57) and (56) into Eq. (55), we obtain

B(t) = Ht) &0 ®,_,27, §,_,8T, e~ =Ho
and

R(t) = C(t) [z(t) — H(t) &(t) R(t—- 1)] + &(t) Kt — 1)
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(54)

(55)

(56)

(57)

(58)
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We now need to solve for C(t). From property (2) we have

(Kt—gt) th =0 ’

or

{x,~ Clt)[z, ~ H(t) ®() &, ,] -8 &, ,} 2 =0

_t

or

xz) - o) %zl = C(t)[;tgtT - H(t) #(t) 8

T
215
Now, by Eqgs.(49) and (50), we have

A _ T T A T
X 4% = Xqx HO(O+x vy

0 T T
=X _,x° H' (Y

-2 T Ty uT s T LT
=X 4%y TOH@M®+X w ., H(Y)

=% X, # W H(®

We can express the covariance matrix of the error as

Dt—1) = (x,_ -& _,) (x4 —

R SR AVEE AR AN D )

) T T
X %y — RyX
and thus
R XLy = % y%eg —S(t—1) SX(t-1) - Bt~ 1)
and
8, 420 = Xt—1) @ (1) HT() — =(t— 1) 8T(t) H (1)

From Eq.(49) we also obtain

T T

T
Lo T 4k

HT (1) + x,v,

X(t) HY(t)
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(62)

(63)
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Also,

T = 1) xxTHT(0) + v THT (1) + H x0T + vy,

| 242
’ = H(t) X(t) HL(t) + V(H) (65)
in which V(t) denotes v,v, . Further,
X(0) = xgxT = () x,_ %7 ,8T(0) + B0 x,_wT,
SIS R
=Bt X(t—1) ®L(t) + W(t—1) (66)
in which. W(t) denotes v_vtth. Substituting Eqs. (63) through (66) into Eq. (60), we obtain
! B(t) X(t—1) #T(t) HL(t) + Wt — 1) HL(t) — &(t) X(t — 1) 8T (t) HE(t) + &(t)
} X E(t—1) &T(t) HL(t) = C(t) [H(E) &(t) X(t— 1) & () HL(t) + H(t) W(t — 1)
| x HE(t) + V(t) — H(t) $(t) X(t— 1) $T(t) HI(t) + H(t) #(t) Z(t— 1) &1 (t) H (t)]
l and
Clt) = [W(t—1) + &(t) Z(t — 1) T(t)] HL(t) {V(t) + H(t) [W(t— 1)
(67)

e z(t—1 #T (1)) H (9}™1
Note that C(t) depends on Z(t — 1); thus, in order to complete our recursive scheme, we must be
able to express Z(t) in terms of C(t) and Z(t — 1):

T2l =xxt -85

Z() = (x,— &) (x,

= X(t) - x,z] Tty + x, &7, #TwHT W T - x SET Ty (68)
Using Eqs. (64), (56) and (57), we obtain
=) = Xt [1- H 0 cTio) - o8 _x T, #Twn-uTwcTw) (69)
and using (62) and (66), we obtain
(1) = {#(t) X(t— 1) &(1)T + W(t— 1) — &(t) [X(t = 1)
—zt-nj e} u-HT T
(70)

(L) = [W(t—1) + &(t) Z(t - 1) QT(t)] (I-H () C (1)]
B. Estimation Equations When Navigator Is Reset Following Each Observation
The equations in Sec.IV-A were developed under the assumption that the estimate of the nav-
Here we assume that, follow-

igator error was not used to reset the quantities in the navigator
ing an observation, K(t) is used to reset the navigator (either by resetting the navigator computer
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or both the computer and stable platform). If we use R(t— 1) to reset the navigator, then the
model for our error propagation becomes

z'(t) = Hit) x'(t) + v(t) (71)
x'(t) = #W[xNt—1) =Rt -]+ wlt—1) , (72)

in which we have used primes to distinguish the quantities in reset operation from those in nor-
mal operation. The relations between these two sets of quantities are:

X'(0) = x(0) &'(0) = %(0) =0
x'(1) = x(1)  R'(1) = (1)

x'(2) = #,[x(1) — R(1)] + w(1) = x(2) ~ $(2) R(1)

Thus,
£'2) = 2(2) - #(2)2(1)
and
x'(3) = #(3) [x'(2) — R'(2) + w(2)
= 8(3) [x(2) — R(2)] + w(2) = x(3) — #(3) &(2)
Thus,

£'(3) = R(3) - #(3) &(2)
In general,
x'(n) = x(n) ~ (m)R(n—1)
£'(n) = &(n) ~ &(m) X(n - 1)
and
z'(n) = H(n) x'(n) + V(n) = z(n) — H(n) &(n) &(n — 1)
Substituting into
£(n) = C(n) [2(n) — H(n) #(n) R(n— 1)] + #(n) &(n ~ 1)
we obtain
£'(n) + #(n) R(n— 1) = C(n) [2"(n) + H(n) #(n) R(n ~ 1) — H(n) #(n) K(n — 1)]
+ &) Rn-1) ,
or
R'(n) = C(n) 2'(n) . (73)

The quantity C(n) is obtained exactly as before, since

Zn) = (x) - &) (), —&)T

= -2 85T _

=X, —X) (x, —X )" = Z(n)

The estimation scheme thus remains basically unchanged. The error is unchanged, as is the
basic computational complexity, in that we must still generate the matrices C(t) and Z(t) in the

same recursive fashion. The estimator Eq. (73) is slightly simplified over Eq. (58).
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C. Summary and General Remarks

In summary, we have the two possible models

2(t) = H(t) x(t) + v(t) (Eq. (49))
X(t) = #(O) x(t— 1) + wlt—1) (Eq. (50)] ‘

or i
z'(t) = H(t) x'(t) + v(t) (Eq. (71)] i
XM = SO [x(~ 1) - R -] +wlt—1) . [Eq.(72)]

The two estimators are given by

R(t) = C(t) [2(t) ~ H(t) #() Rt — 1)] + S(t) Kt ~ 1) [Eq.(59)]
and

R0 = Clozlty . [Eq.(73)] |

The matrix C(t) is determined by the pair of recursive relations

C(t) = [W(t— 1) + &(t) S(t - 1) QT(t)] HT(t) {V(t) + H(t) (W(t— 1)

remzt—1 et H (1} [Eq. (67)]
() = [Wit—1) + @O (-1 e (W) I-H W CTw) [Eq.(70)]
in which
Z(t) = covariance matrix of the estimation error X, - ﬁ_t

W(t — 1) = covariance matrix of the input w(t — 1)
V(t) = covariance matrix of the measurement error v{t)

Our computation starts with some value for Z(o). If the platform were initially perfectly
oriented and the initial position known exactly, then Z(o) would be zero. This will not usually
be the case, and Z(o) will have to be determined from the alignment procedure used. Knowing
Z(0), we calculate C(1) from Z(o) via Eq.(67). Then Z(1) can be calculated from C(1) via Eq. (70).
This process can be repeated continuously and we obtain Z(t) fort = 1,2,...; in the process we
have determined C(t) and hence R(t). If &(t) is constant, i.e., ®(t) = &, then the steady-state value
of Z can possibly be obtained by setting Z(t) = Z(t — 1) and eliminating C(t) between Eqs. (67) and
(70).

This discussion concerning the steady-state value of Z(t) naturally poses the question: Under
what conditions is the steady-state value of Z(t) unique? Another point that requires an answer
is: When is the optimum estimator asymptotically stable? The asymptotic stability of the esti-
mator assumes importance because we do not wish small bias inputs, which have been neglected
in our analysis, to be able to cause arbitrarily large errors in our steady-state estimate. To
these questions Kalmans provides the following answer, which is definitive but perhaps somewhat
cumbersome to-apply.

Theorem (Kalman):

Let the system defined by Eqs. (1) and (2) be completely observable and completely control-
lable. Then
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(1) The optimum estimator is uniformly asymptotically stable.
(2) All solutions corresponding to different choices of a covariance matrix Z(o)
converge uniformly to the same solution.

Kalman refers to the system defined by Eqs. (1) and (2) as completely observable if for every
vector P and every time t0 there exists a T(to) and an unbiased estimator 11 of PTx(T), in which
ﬁ is a linear function of z(t), to £t <£T. He calls this same system completely controllable if
there exists a forcing function w(t) which can take the system from rest to any desired state in a
finite time. For mathematically definitive conditions for complete observability and complete
controllability and a thorough discussion of the whole question, the reader is referred to Chap-
ters 15 and 16 of Ref. 5.

One further point deserves mention. The estimator described gives simultaneously the
minimum-mean-square error estimate of each component of x. Our concern may center on the
position estimate in some particular direction, say in the quantity x, cos o+ X, sin ©, and we
may wonder if it is possible to find another estimator which gives a better estimate of cos © X, +
sin © x,. However, the estimate obtained using our estimator is cos © 91 + cos ® 92, which, ac-
cording to property (1), is the minimum-mean-~square estimate of cos © x, + sin © X, for the given
data. This property of our estimator is equivalent to a statement that the ellipsoid of concentra-
tion of our estimation error lies wholly within the ellipsoid of concentration obtainable by any

other linear estima};or.1

V. COMPUTATIONAL ASPECTS

In order to use the formulation presented in Sec.IV to find the optimum estimator or to solve
for the minimum possible estimation error, considerable machine computation is necessary in
almost all cases of interest. Some of the computations can be carried out on an analog computer,
but the use of a digital machine at some points is unavoidable. We review here the basic quanti-
ties that must be calculated.

In order to apply the formulas given in Sec.IV there are five basic matrices which must be
calculated: &(t), W(t), H(t), V(t) and Z(o). The first two of these are found from the description
of the inertial navigator, the second two from the description of the measurement process and the
last from the description of the initial alignment process.

In obtaining the matrices #(t) and W(t) there are 98 quantities which must be found. Forty-
nine of these are the response at time T of each of the seven basic error quantities (AA, AA,
AX, An, apx, wy, ¢z) to an initial unit displacement of each one of these same seven quantities.
The second 49 quantities required are the responses at time T of each of the above seven quan-

x
These 98 quantities are given in Sec.III-E for all T. An approximate set, which can be used when

tities to a "unit impulse" excitation of each of the seven inputs (6Vx, 6Ax, 6Vy, 6Ay, €., ey, ez).
the time of the total operation does not exceed 84 minutes, is given in Sec.IlI-F. Fortunately, not
all of these 98 quantities are distinct; as pointed out in Sec.III-E, many of the quantities in the set
of 49 initial condition responses are identical to quantities in the set of 49 impulse responses. If,
for some reason, it is not desirable to use the responsés given in Sec.III-E, they can be calcu-
lated in two ways. The first way would be to use a digital computer to numerically integrate out
the responses in accordance with Egs. (15), (16), (23}, (24) and (25). An easier way might be to
use an analog computer to simulate these five equations and find the desired responses by making
the necessary number of runs on the analog computer. In finding the impulse responses, any in-

put of duration less than 1/ 20th of the smallest time constant of the system would be suitable.
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As shown in Fig. 4, &(t) consists of a 7 X 7 matrix 677 plus several smaller arrays. The
expression for <b77 is given in Sec.III-E in terms of the initial condition responses mentioned
above. Three of the remaining terms in ®(t) are the time constants of the correlation functions
of the gyro drifts and must be estimated. The other quantities in #(t) are the H+'s. These must
be calculated by the integration in Fig.4. This integration could be carried out by means of ei-
ther digital or analog equipment; it can also be performed analytically by hand, with perhaps a
reasonable amount of patience.

As shown in Fig. 4, the entries of the W(t) matrix are found by calculating the quantities H+,
H™ and lHijkm‘ . The quantities H™, like the quantities H+, are found by a single integration
involving an impulse response, as indicated in Fig.4. The quantities IH'mHkm‘ involve a double
integration involving two impulse responses simultaneously. This double integration can be car-
ried out on a digital machine and, perhaps somewhat awkwardly, on analog equipment. It can
also be carried out by hand, but the task is so unwieldy that it would require an extreme amount
of patience and devotion to duty.

We can only indicate here how the matrix H(t) is obtained, since we have not specified the
method of taking measurements. We assumed that the measurements could be expressed as

rit) = Fla(t) + x(t] + v(t) (74)

in which q(t) represents the true value of the seven quantities used to describe the navigator op-
eration. The function F must be found from the geometry of the situation. The matrix H(t) is
then expressible as

‘ 9F . (s(t))
H, () it=

i = 85,0 (75)

s(t) = q(t)

Equation (75) can be evaluated analytically or by a numerical differencing approximation. The
matrix V(t) must be found by an enlightened examination of the errors involved in the measure~
ments.

The matrix Z(o) can be estimated only by someone well versed in the procedures used to
align an inertial platform. For an introduction into the' many possible means of alignment, the
reader is referred to Chapter 6 of Ref. 4.

With the five matrices &(t), W(t), H(t), V(t) and Z(o) available, the recursive formulas sum-
marized in Sec.IV~C can be employed. However, it should be mentioned that these formulas can
be written in various ways and the best choice depends on the problem. The following is a rear-
rangement of the basic formula that is not self-evident. Define

=zl (76)
then, in place of Egs.(67) and (70) we have

1

1 = (e tt—neTwy + wit—1)  +BH wv i Hy . (7

For the actual estimator, Eq.(59) can be replaced by
2 = rioflemrie-neTw + wit— 1)1 sty e - 1)

+H v inzn . (78)
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The necessary matrix manipulations needed to obtain Eqs.{77) and (78) are outlined in Statement 3,
Appendix At

The formulas of Sec.IV require, at each step, the inversion of a matrix whose rank equals
the number of measurements made (the number of components of z). Equations (77) and (78) on
the other hand, require the inversion of a matrix with rank equal to the riumber of states (the
number of components of x). In either case, matrix inversion is required and there are many
possible techniques available. Reference 7 is one of many sources.

In the case in which &, W, H and V are constant, the steady-state value of T is the solution
of the equation

£=F-FH[V+HFH | ' HF (79)
in which

F=W+§E¢T

This matrix equation results in a system of simultaneous quadratic equations which may be solv-
able by machine methods.

There is one potentially important technique for simplifying each recursive computation con-
siderably while possibly increasing the number of recursive calculations. Recall that the damp-
ing ratio ¢ is zero if the velocity log is not incorporated into the continuous system. With ¢ = 0,
the expressions for H+, H, IHijka and the entries of %, simplify by almost an order of mag-
nitude. The information given by the velocity log can still be used in correcting position errors
by sampling the velocity-log signals at a rate twice the "bandwidth" of these signals. If the sam-
pling time T of our system is set equal to the time between velocity-log samples, then these sig-
nals can be incorporated in z(t) and used in an optimum manner to help obtain the estimate of x(t).
This procedure may also increase the over-all accuracy of the system, since the conventional
velocity-log damping does not necessarily employ the velocity data in an optimum manner.

1t The formulas can also be derived directly by using a line of development different from that in Sec. IV.

36




U

APPENDIX A
DERIVATION OF CERTAIN PROPERTIES OF THE OPTIMUM ESTIMATE
AND AN ALTERNATE FORM FOR THE ESTIMATOR

Statement 1:— Consider the data z{(7), T€S; let 91 denote the minimum-mean-square estimate

of Xy given z(r), and 92 denote the minimum-mean-~square estimate of Xy given z(r). Let xi;

x'z; z'(7), T€S be Gaussian random variables with the same covariance matrices as x and

z(r), 7¢S. Then

10 X2

—— /'\'
ax, + bx, = ax} + bx; = E {ax] + bx}|z(7), 7S}

3

aE {x|z(7), 7€} + bE {x}|z(r) 7€S}

"N N N
X = aX, + bX

+ bR 1 2

- ] L]
=axy 2

Statement 2:— Let x be a random variable and let F be some class of functionals on the
given data. Let 2 be the functional of this class such that

E=E{(x— x)z} is a minimum.

Let f be an arbitrary functional in F. Consider the estimate & + ef:

E+6E=E{x-%—en’)

E{x—9% —2¢E{fx-R)} + € E{) ,
§€=—2¢E{flx-R) + & E{f))
The equation determining % is

2 56|

de =—2E{f(x—x)} =0 . (A-1)

€=0

To show that x is uniquely determined by Eq. (A-1) and truly yields a minimum, note that for
x satisfying (A-1)

6€= £ E{f’}) 20 forf# 0

Statement 3:— Define
Q(t) = #(t) Tt —1) &1 (t) + W(t —1)

Then Eqs. (70) and (67) combine to give

1

=) = Q) — Q) H () [vit) + Hi) Q) HI 1] ! Bt Qi)

Using the matrix identity*

Aa+8p BT -a A tgp+8Ta Bt BTAY |

* This identity can be derived by using the formulas for the inverse of a partitioned matrix. See Frobenius' re-
lation in Ref. 7.
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we obtain

=t =@ tw + 5T vie B

from which Eq. (77) follows immediately.
Similarly, for the predictor itself, Eq.(59) can be written

&) = P,(t) (t) Rt — 1) + Clt) zt)
where
P,(t) = 1-Q(t) HT(t) [V() + Ht) Q) H 017  HE) = 200 @'t

Now, by Eq. (70),
C(t) H{t) Q(t) = Qlt) — =(t)

or, after manipulation,

i cwHL = 2w -yt = w1 vin B

1

cwy = =) Hr ) v it

Thus,

=z @y e Re-n+H W V iz

which is Eq. (78).
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